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Abstract

Information geometry is the application of differential geometry to the study of statistical
objects. In particular, it gives ways of predicting the information change in a parametric
probability distribution when the parameters have been modified by a small amount.
This is relevant to neural networks, where these techniques can be used to predict how
the output of the model will change as the parameters are updated. The predictions can
be used to analyze and improve the optimization process in supervised learning. In this
paper, we present an overview of the theory of information geometry and highlight some

key applications to machine learning.
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1. INTRODUCTION

1 Introduction

Information geometry sits at the intersection of differential geometry, statistics, and proba-
bility theory. Exponential families of probability distributions, such as normal distributions,
come with standard parameterizations. Therefore, it is natural to interpret a space of proba-
bility distributions as a Riemannian manifold, where the coordinates are given by the param-
eters of the distribution family and the metric is induced by a measurement of information
discrepancy. This gives a way of imposing a distance between probability distributions. The
first use of differential geometry in statistics is generally attributed to Harold Hotelling, in
the late twenties [43]. C. R. Rao is well-known for his research of Riemannian metrics on
spaces of probability distributions. In particular, he studied the Fisher information matrix
and interpreted it as a metric [34]. Claude Shannon introduced what is now known as Shan-
non Entropy, which is a way of describing the amount of information stored in a distribution
[39]. Solomon Kullback and Richard Leibler independently introduced a different way of
measuring the difference between distributions, which they called the KL-divergence [24]. In
this paper, we describe these concepts at an introductory level and show how they relate to

each other.

We now summarize the contents of this paper. Chapter [2]is an overview of Riemannian
geometry. Basic knowledge of manifolds and tangent spaces is assumed. The results from
this chapter are taken from Lee’s Riemannian Manifolds: an Introduction to Curvature [27]
and Tu’s Differential Geometry: Connections, Curvature, and Characteristic Classes [45].
The exception is the section on dual affine connections, since this topic is not covered in

these references. For this chapter we referred to [4] and [29)].

Chapter [3| discusses how parameter spaces of probability distributions can be interpreted
as Riemannian manifolds. In this context, they are called statistical manifolds. This theory
was the primary topic of Shun-ichi Amari’s research [1, |4]. He also demonstrated appli-
cations of information geometry to machine learning [5, 4] and blind signal separation [5),
6]. He described two important classes of divergences on parameter spaces, which are the
f-divergence and Bregman divergence classes. The f-divergences satisfy information mono-
tonicity and they induce a Riemannian divergence given by the Fisher information matrix. It
follows that this is the only Riemannian metric on these parameter spaces which is invariant
under transformations of the random variable. Bregman divergences are in a one-to-one cor-
respondence with dually flat structures on the parameter space. That is, they induce a pair
of flat, dual affine connections on the parameter space. Amari also showed that a canonical

divergence can be derived from a dually flat structure, which gives a Bregman divergence.
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Chapter |4 shows examples of how the previous topics can be used to improve the opti-
mization of neural networks. The optimization algorithm typically used in machine learning
is stochastic gradient descent. Amari introduced the so-called natural gradient, mentioned
in [5], which is meant to better capture the direction of steepest descent in a parameter
space of probability distributions, compared to the standard gradient. In [7], it was shown
that even when gradient descent is used, one can compute the expected change in output
with respect to a change in the parameters by leveraging the Fisher information matrix. We
also show that momentum-based gradient descent algorithms can be extended to a Rieman-
nian setting. Finally, we mention the drawbacks of these techniques, and why they are not

widespread.

2 Riemannian Geometry

2.1 Riemannian Manifolds

Manifolds are a way of generalizing Euclidean space. The most basic definition of a manifold
is not very restrictive, so it does not necessarily inherit many properties of Euclidean spaces.
For example, in R", we have a notion of length of a vector, as well as angles between two
vectors, both of which can be encapsulated by an inner product. Riemannian manifolds are
generalizations of R™ that inherit this concept by equipping each tangent space with an inner

product. This feature is captured by the Riemannian metric tensor.

Definition 2.1. A Riemannian metric tensor on a smooth manifold M is a symmetric
2-tensor field on M that is positive-definite for all p € M.

In its coordinate-free form, we typically denote a Riemannian metric by g, and the tensor

at a given point by g,. Since g,(-, ) satisfies the properties of an inner product on 7, M, we

also denote it by (-,-),. If M is an n-dimensional smooth manifold and z = (z',...,2") are

local coordinates on M then g can be written in terms of the basis {dz'|,, ..., dz"|,} of T,y M:
9p = Z Zgijdxi|p ® dr’l,
g
where G' = (g;;) is a symmetric, positive definite matrix.

Definition 2.2. A Riemannian manifold, denoted by (M, g), is a smooth manifold M

paired with a Riemannian metric g.

The inner product on 7, M induced by g can be written in terms of the matrix G. If
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{52 |, - 52 |p} is a local basis of T,M, then tangent vectors v,w € T,M can be written as
linear combinations of the 821-, and the inner product on T,,M is:

(v,w), = I Gu,

[vlly = 4/ {0, v)g,

and if v and w are non-zero, the angle between v and w can be computed by the formula:

the length of v is given by:

(v, w),

cosf = .
[vllg - [Jwllg

Example 2.3. R"” can be equipped with the Euclidean metric. In terms of the standard

coordinate functions on R™, ' : R® — R, where 2%(&1, ...,&,) = &, this is written as:
9ij = 0ij.
In other words, the matrix G = (g;;) is the identity matrix, for every point p € R".

Example 2.4. Let f;; be any smooth bounded functions on R", for ¢,5 € {1,...,n}, such
that f;; = f;;. Then if C' > 0 is sufficiently large, the metric on R" given by:

9i = Coij + [iy.

is a Riemannian metric. By construction, g;; = g¢;;. If we let G = (g;5), p € R", and
(&1,..,&)T € T,R™ then by expanding:

(517 sy fn)G(gla cee €n)T7
we get:
C (Z 5?) +3 fi(p)&s
i i
By boundedness, there exists C' > 0 such that if (&, ...,&,)T is non-zero:

S —Zi,j fz‘j(p)ﬁz‘fj
a8

C

for all p € R™.
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2.2 Affine Connections

The directional derivative in R™ allows us to define how components of a vector field change
in a particular direction. We denote this operator by D, which takes in two vector fields
X,Y € X(R™) and returns a single vector field DxY = D(X,Y’), which captures the rate of
change of each component of Y in the direction X (p) for all p € R™. This is defined by the

limit: Y(p+hX(p) —Y(p)
) .

(DxY)(p) = lim

There are two notable properties of the operator D:

1. C*°(R™)-linearity in the first component: D;xY = fDxY’;
2. Leibniz Rule: Dx(fY) = (Xf)Y + fDxY.

There is no obvious way to directly extend the definition of the directional derivative of
vector fields to manifolds. The addition of a vector to a point, p + hX(p), has no defined
meaning, and the subtraction of two tangent vectors in different tangent spaces is also not
defined. To solve this issue, we instead define the operator abstractly, so that it already comes
with the properties we want. It is not obvious that every Riemannian manifold even admits

an affine connection, but this turns out to be the case, as we will see later in this section.

On the other hand, a Riemannian manifold generally admits many affine connections.

Definition 2.5. An affine connection on a manifold M is an R-bilinear operator:
V:iX(M)xX(M)— X(M)

that satisfies the following two properties. Here VY := V(X,Y):

1. foy = vaY;
2. Vx(fY)=(X[f)Y + fVxY.
It is worth pointing out that the choice of Riemannian metric on a manifold has no impact

on the existence of affine connections, however, we will see later (Section that certain

connections can exist that interact with the metric in a desirable way.

If we fix the first component of V to be X € X(M), and think of V as having a single

input, the affine connection is referred to as the covariant derivative:
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Example 2.6. The directional derivative on R™ is an example of an affine connection.

Let M C R™ be a embedded submanifold, and let Y € X(M). Because of the embedding,
for each p € M, we can think of Y}, as lying in T,M or in T,R". Therefore, we can write ¥’

in terms of the standard coordinates (z°) in R™:
Y = Z Y3 (p)oil,-

Where 0; denotes a?:i' Then it X, € T,M, we can take the directional derivative along

direction X, by computing:

DY = 3 X,V ()i

The resulting vector may not be tangent to M. So we must project the tangent vector Dy Y
from T,R" to T,M. In this sense, M inherits an affine connection V7 from the directional

derivative D on R™ by setting:
(Viy)p = 1((DxY)p),

where 7 is the orthogonal projection from 7,R" — T),M. Since the Nash embedding theorem
guarantees that every manifold can be isometrically embedded in R™ for some n, this means

that every Riemannian manifold admits at least one connection.

Theorem 2.7. V7 defines an affine connection.

Proof. Since 7 is linear, then V7 will be R-linear in each component, and C*°(M)-linear in
the first component. Now let f € C*°(M), and X,Y € X(M). Note that:

Vi(fY)=m
= (X[
= (X[

Dx(fY))

(XY + fDxY)
(Y) + fr(DxY)
Y + fVLY.

(
(

)
)

Example 2.8. Consider S* C R2. Define the following vector field on R?:

X =y0, — 0,
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Figure 1: A visualization of the flow of the vector field X = yd, — zd, and S*.

We can also think of this as a vector field on S, since for any point p on the unit circle,

the vector X (p) is tangent to the unit circle, and therefore can be thought of as a tangent

vector of S'. Let V7 be the affine connection on S!, inherited from the directional derivative

on R?, given by the orthogonal projection. We will compute V% X. The integral curve of X

that coincides with the unit circle is:

~(t) = (sint, cost).

In other words:

X(v(®))

= 7/(t) = (cost, —sint).

Then the directional derivative at p = (py,ps)? gives:

() G) =Gl
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meaning that for p = ~(¢):
(DxX)(y(t)) =+"(t) = (—sint, — cost).

However, note that 7/(¢) - v”(t) = 0. So VX = 0.

2.3 Christoffel Symbols

Let (U, = (z',...,2")) be a local chart on M, and for p € M, let {0, = 82:1"' ,Op = am"
be the basis for T}, M To define an affine connection V on M, at least locally on U, it is
sufficient to define each of the n components of (Vy,0;) as smooth functions on U. That is,
for each i, j, k, we have a smooth function Ffj := (V,0;)". The properties of the connection
will force how (VxY'), will be evaluated for any arbitrary X,Y € X(M) and p € U. Consider
Y in terms of the given basis of T, M:

ZY )0;1,-

Then we can compute VY in terms of Vy,0; by the following:

VoY =V, <Z YJBJ)
J
= Z v32<YjaJ)

_Z L0+ Y7 V5,0].

And we can also compute VxY in terms of V.Y by:

ViY =) XV, Y.

Definition 2.9. The smooth functions T'}; := (V,9;)" are referred to as the Christoffel

symbols of the affine connection V.

Example 2.10. On R", the Christoffel symbols of the directional derivative are I'¥;(p) = 0
for all p € R", since Dy,0; =0 for all i, € {1,...,n}.

Example 2.11. Let M = R? and a,b € R. Define V by setting for all p:

(V,00)p = (Z) ,

8
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and letting Ffj (p) = 0 otherwise. Suppose vy : R — R? is defined by:

(0) = (g) ,

which is simply the constant-speed curve along the z-axis in the positive direction. If we

were working with the directional derivative, then clearly:

DW’U)#@) = ‘Daxl-y(t)ax"Y(t) = 0.

However, with our affine connection V:

’ a
VoY () = Vo, 0ulyw) = (b> :

So the acceleration of the curve can be made to change with respect to ¢, and these values
can be modified with a lot of freedom. This also means the acceleration of a curve depends

on an affine connection, whereas velocity of a curve does not.

2.4 Geodesics

Affine connections allow us to generalize the notion of a straight line. In R™, this can be

represented linearly in terms of a single parameter ¢:
c(t) = vt +p,
for p,v € R™

Now consider a curve v : [a,b] — M. On a general manifold, the velocity of a curve
7/(t) is a vector that lies in the tangent space T M. Similarly to how affine connections
generalize the directional derivative, we can generalize differentiating a vector field along a

curve.

Theorem 2.12. Let 7y : [a,b] — M be a curve on a manifold M with affine connection V.
We will use X(7y) to denote vector fields in X(M) that are restricted to points on y(t). There

exists a unique map:

i X(y) = X(7),

such that for all V € X(y) and all C* functions f on |a,b]:

D(aV-i—BW) _ DV DW
1 == = a5 + 0%
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D(fV) _ d
9. PUV) _ diy, | fDV.
3. If V€ X(M) is such that, for all t, V(t) = V(y(t)), then 2 (t) = VsV for all t.

Definition 2.13. The map % given from the above theorem is called the covariant deriva-

tive along a curve.

We will postulate that « is “straight” if the velocity of v(¢) does not change as we move

along the curve. This brings us to the definition of a geodesic:

Definition 2.14. Let « : [a,b] — M be a curve on a manifold M with affine connection V.

- o DY) _
Then v is a geodesic if =7~ = 0 for all ¢.

Example 2.15. When M = R", g is the Euclidean metric, and V is the directional deriva-
tive, then V. 7' (t) = 7"(t). Therefore, y(t) being a geodesic is equivalent to saying the
acceleration of y(t) is 0. So 7(t) is a geodesic if and only if v(t) = vt + p for v,p € R™.

Example 2.16. Let M = S', embedded as the unit circle in R?, and V7 be the affine con-
nection on S!, inherited from the directional derivative on R%. As an embedded submanifold,
S1 can also inherit the Euclidean metric g from R™, which is simply the restriction to vectors
that are tangent to S'. As we will see in a later section (Section affine connections can

satisfy a certain kind of compatibility with the metric. In R™ we have that:

d

(07 )y =20"(), 7 (1)), -

(See also Theorem . Since V7 is inherited from the directional derivative, DY (®) ig the

dt
tangential component of 7”(¢). It follows easily from the above equation that if () is a

geodesic, then ||7/(t)]|, is constant. On the other hand, if ||7/(¢)]|, is constant, then by the

chain rule, (7/(t),~/(t)) is also constant. So by the above formula, <D"§t(t) Y (t)>g = (. Since
TSt is 1-dimensional, and ~/(¢) lies in T,;)S*, a vector being perpendicular to +/(t) implies

DY(®) _ .

that its tangential component is 0. Therefore, == =

Example 2.17. Let M = S?, embedded as the unit sphere in R3, and V7 be inherited from
the directional derivative on R®. As in Example [2.16] let g be the metric induced by R3.
Let v(t) be a great circle on S?, such that () has an arc length of . With respect to g,
|7/(¢)]] is constant. By the formula in Example [2.16] we have that " (t) is perpendicular to
7'(t). Since ~y only lies on the plane of the great circle, 4/(t) and ~”(¢) must also be on the
plane of the great circle. We know +/(¢) is tangent to the sphere, so this forces 7" (¢) to point
along the radius of the circle. Therefore, since the tangential component of ~"(t) is 0, we
have that Dzl—;(t) = 0.

10
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Figure 2: A great circle on S?. The dashed red line shows the geodesic curve 7(t). The velocity of the curve
at a point is shown by ~/(t), with " (¢) perpendicular to it.

For a manifold M, if we fix the initial conditions, a geodesic always exists and is unique.

Theorem 2.18. Letp € M and vy € T,M. Then there exists a unique geodesic y : (—¢€, €) —
M with ~v(0) = p and 7'(0) = vy.

Proof. Let vy be a curve on M and (U, ¢ = (x',...,2™)) be a chart containing p. Let y(t) =
(% 0 y)(t). We can describe the desired geodesic as the solution to a system of ODEs, and
refer to the existence and uniqueness theorem of solutions of ODEs. For convenience, we
will simply write functions such as y*(¢) instead as y* and ;| simply as d;. The velocity

of v can be expressed in local coordinates:
Y= )o:
For v to be a geodesic, it must be the case that:

D~/ B
dt

By the properties of covariant differentiation:
Dy y
i Z Ok + Z
Z )"0k + Z V)
- S
k
=> ("0 +Z 7)TE 0.
k

1,9,k

11
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Therefore, v is a geodesic if and only if for all k =1, .., n:
W +> W) ()T =0.
2

So by the existence and uniqueness theorem of solutions of ODEs, there exists v : (—¢,€) —

M satisfying this system, such that v(0) = p and 7/(0) = vy. ]

The system of ODEs in the previous theorem are commonly referred to as the geodesic

equations.

By their existence and uniqueness, geodesics induce a map exp, : U — M, defined by
exp,(v) = (1), where U is an open subset of T, M containing p and ~(t) is the unique curve

such that v(0) = p and 7/(0) = v. This is known as the exponential map.

2.5 Parallel Translation

Next we generalize the notion of two tangent vectors in R™ being parallel to each other. Let
v : la,b] = M be a curve on a manifold M and let X (¢) be a vector field defined on ~(t),
parameterized by t € [a,b]. When we looked at geodesics, we were choosing X (t) = ~/(t),
but here, we allow X () to be any smooth vector field over (¢). An affine connection V
allows us to understand how X (¢) changes with respect to ¢t as we move along the curve ~.

Similarly, we can think about what it means for X (¢) to be constant along ~.

Definition 2.19. We say a vector field X (¢) along a curve v : [a,b] — M is parallel with

respect to an affine connection V if %t(t) = 0 for all ¢.

It is actually the case that if we fix a tangent vector on a curve 7, there exists a unique
parallel vector field along ~ satisfying that initial condition. This result comes from the fact
that a parallel vector field can be described as the solution to a system of ODEs, similar to

the case of geodesics.

Theorem 2.20. Let 7 : [a,b] — M be a curve on a Riemannian manifold (M, g) with affine
connection V. Given a tangent vector vy at y(ty) for some ty € (a,b), there exists a unique
parallel vector field X (t) on v such that X (tg) = vp.

Proof. We will describe the parallel vector field by a system of ODEs and appeal to the
uniqueness and existence theorem for the solution of ODEs. Assume for now that v is a
curve that lies in a single coordinate chart, (U, = (2!, ...,2")). Let X = . X?0;, and let

12
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y* = ' o y. Then we have:

The condition for X to be parallel is:

DX_O
dt

By the properties of covariant differentiation:

%:Z(x’f '8, +ZXJDa
= Z (XY, +ZXJV7(,5)8
—Z (XY, +ZXJVy)/38
= Z (X*Y 0y + ZXJ

1,5,k

By the parallel condition, this is equivalent to solving the system of n ODEs:
—- T

for k = 1,...,n. If v(t) is contained in a single chart, then since this is a system of linear
ODES, a solution exists for the entirety of [a, b]. The solution also guarantees that we obtain
a smooth vector field. If ~(¢) is covered by multiple charts, then given the initial condition
X(tg) = vo, there exists a unique solution in an open interval (to— €, to+¢€). However, we can
choose coordinates centered at v(t) for any ¢ € [a,b] and by uniqueness, solutions will have
to agree on the overlap of open sub-intervals of [a,b]. Furthermore, since [a,b] is compact,
it is covered by finitely many open intervals. Hence there is one solution over the entire
interval [a, b]. O

Definition 2.21. Given a curve v : [a,b] = M and v € T, M for some t, € [a,b], we say
u € Ty 4,+n)yM is obtained from v by parallel translation if the unique parallel vector field
X (t) satisfying X (ty9) = v also has X (top + h) = u.

Once a curve has been fixed, the parallel translation along the curve induced by an affine
connection defines a vector space isomorphism for any pair of points on a curve. This

isomorphism is denoted by:
Pryayy) + Ty M = Top) M.

13
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In general, the isomorphism depends on the particular choice of 7.

Example 2.22. Let M = R? and 7 : [0,7] — R? be defined to be y(t) = (cost,sint).
Suppose we fix v = Oyl40) € Ty)R? and we wish to compute Py o) (r(v) where V is the
directional derivative on R?. If we can come up with a vector field X () on v(t) which is
parallel and satisfies X (0) = v, then X (¢) will give us the parallel translation of v along the
entire curve. If we let X (t) = Jy|,«), then X (0) = v, and since D)0yl = 0, we must

have 2X = 0 for all . Therefore, P, g)y(x) (V) = Oyy(r)-
2 .
)
Py 0)y(m) (v) v
() ~(0) x
-2 -1 1 2

-1+
—9 ¥

Figure 3: Parallel translation on R? along the curve y(t) = (cost,sint).

Example 2.23. A version of this example can be found at [31]. Consider the unit sphere
S? embedded in R? with affine connection V7. Let () = (%2 cost, Y2 sint, ¥2), on the
domain [0, 27], and let v = (—*/75, 0, \/75) be centered at (0). It is tempting to think that
P, 0)y(2m)(v) = v, that is, translating v around the closed loop will result in getting v back.
However, this is not the case. To help visualize what the parallel transport will look like
on the sphere, picture the cone C', with a vertex lying above the sphere’s origin, which is

tangent to the sphere at ~y(¢).

14
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Figure 4: Parallel translation around a closed curve (in red) on S2. The right image shows the cone tangent
to S? along ~(t), and the triangle formed by P, O, and Q = ~(0).

The key thing to note is if two surfaces embedded in R? are tangent, then at the point of
tangency, their respective tangent spaces coincide. That is, for all ¢, p = (¢) can be thought
of as a point in R3, in 5%, and in C. T,5? and T,,C' can be thought of as subspaces of T,R?,
but because of the tangency, 7,5? = T,,C. Since the tangent spaces 7,5% and T,,C' coincide
along all of v, parallel translation with respect to either surface along ~ will agree with the

other.

Additionally, we can “flatten” the cone into R2. If we were to cut the cone along v and

lay it flat, we would get:

\/ 0 v

B P, 0)y2m) (0)

Figure 5: The flattened cone, on which parallel translation mimics parallel translation on R2.

Even though C' is not smooth and the tangent space at the vertex of the cone is not
defined, this does not pose a problem, since we are only interested in points along (¢). The
“flattening” is a local isometric embedding of (¢) in R?, by which for all ¢, T',;)C = T R?.
Therefore, parallel translation along « in C' will agree with parallel translation on R?, using

the directional derivative.

To determine how much v will change after translation, we can compute 6: the angle

15
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between v and P, g)y(2x) (v). Note the radius of the curve (t) as it appears on the sphere is
‘/75. Consider the triangle formed by P, O, and @ = ~(0). Since the cone is tangent to the

sphere, ZPQO = 90°. Furthermore, since the xz-coordinate of () is */75, and cos(45°) = ‘/75, we

have ZPO(Q) = 45°. Therefore, APOQ) is isosceles, which means the radius of the flattened

cone is equal to the radius of the sphere, which is 1.

The ratio of the radius of the curve ¥(t) to the radius of the flattened cone is the same

as the ratio of their circumferences. Therefore, § = 2m(1 — ﬁ), and we can conclude that

2
P 0)y(2m) (v) will make an angle of 2m(1 — ‘/75) with v. This proves that parallel translation

along a closed curve does not necessarily give the starting vector back.

Finally, we remark that the covariant derivative along a curve 7(t) can also be written in

terms of parallel translation.

Theorem 2.24. Given an affine connection ¥V on a manifold M, a curve 7 : [a,b] — M,
and a vector field Y (t) defined on v(t) we have:

DY (to) _ . Prttotmneo) (Y (to + 1)) — ¥Y'(to)

dt h—0 h

Proof. Let {04, ...,0,} be a basis for T, M. For some e > 0, we can parallel translate

Oiln(t0) to any point (t) for t € (ty — €,to + €). In other words, in these local coordinates:

Dai|7(to)

=0.
dt

By the Leibniz rule, we have:

2 =D (V) (t0)Bil) + Y (t0) —

= Z (Y") (t0) Dl (20)

S Yty + h) — X, Y (o)

= }lzlg(l) 3 az|’7(to)

iy Prttotinen) (Y (to + 1)) = Y (to)
h—0 h '

The last equality is by the choice of a parallel frame along . Therefore, we have the desired
result. O

16
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2.6 Metric Connections

So far, the Riemannian metric and affine connections on M are independently defined objects.
There is no particular reason for an affine connection to be related to the metric, so we will

define a class of connections that interact in a desirable way with the metric.

Definition 2.25. We say an affine connection V on (M, g) is a metric connection (or
compatible with the metric) if for all X,Y, 7 € X(M) the following equation is satisfied:

Z(X,Y)y = (VzX,Y), + (X,VY),.

The criterion to be a metric connection can also be interpreted as a requirement on the

parallel translation given by a connection.

Theorem 2.26. An affine connection V is a metric connection if and only if for every curve
v i [a,b] = M the vector space isomorphism Py m) induced by the parallel transport of V

18 an isometry.

Proof. (= ) Suppose V is a metric connection. Let X and Y be parallel vector fields on

a curve v, and set Z = ~/. Then:

Z(X,Y), 2X,Y), +(X,VzY),

= (V
= <07 Y)Q + <X> 0>g
= 0.

Therefore, the inner product along ~ is preserved by parallel translation.

(<) Let X,Y,Z € X(M). Let p € M and consider a curve 7 such that v(0) = p and
7' (0) = Z(p). We will denote X (y(t)) by X (t). Therefore, Z(p)(X,Y), = %‘ (X(),Y(1)),,

t=0
so we will prove that:

d

T 70(X(t)a Y(t))g = (X (1), Vi)Y (£))g + (VX (£), Y (1)) -

For clarity, we will denote Py 4),(0) by P-. By assumption, this map does not change the

17
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inner product, so we have:

% t_0<X(t>7Y(t)>g _ ]1111}(1) <X(t+ h),Y(t + h}2>9 B <X(t),Y(t)>g
= tim - (PLa(X (¢ 4+ ), Poa(Y (24 B}y — (X(0), Y (1))
= tim o ((PLa(X (0 4+ ), Poa(Y (14 By — (Poa(X (04 1) Y (1)

+ (Pp(X(t+ 1)), Y (t)g — (X(1),Y(t))y)
~ lim %(P_h(X(t + 1)), Pa(Y(t+h) = Y (1)),

h—0
+lim S P(X (1) = X (), Y (),
= (X(1), Vy)Y (1)) g + (Vo X (1), Y (1)),

where the final step is due to Theorem [2.24] O

2.7 Torsion and the Levi-Civita Connection

A Riemannian manifold (M, g) may allow many different metric connections. In this section
we will see that if we impose another condition, there is only one connection satisfying these

two requirements. To this end, we have the following definition.

Definition 2.27. For a connection V on (M, g), the map T : X(M) x X(M) — X(M) given
by:
T(X,)Y)=VxY —-VyX — [X,Y]

is called the torsion of V. If T'= 0, then we say V is torsion-free.
The torsion can be shown to be a (3)-tensor field on M, meaning it is C*°(M)-linear in

both entries.

Sometimes, instead of calling V torsion-free, we call it symmetric. This name comes from

the following theorem.

Theorem 2.28. An affine connection V 1is torsion-free if and only if in some local coordi-
nates, I‘fj = F;‘?. forall i, 7, k.

7

Proof. It suffices to show that, in some local coordinates, T'(9;, 9;) = 0 if and only if Ffj = F;?Z»

18
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for all &.

T(@l,aj) =0 <— Vaﬁj — Vajai - [8170]] =0
<~ ng.@j — Vajﬁi =0

= Y Thoy=> Tho
k k

> T} =Tlforall k

Now we see the fundamental theorem of Riemannian geometry.

Theorem 2.29. There exists a unique connection V on (M, g) such that:

1. V is a metric connection,

2. V is torsion-free.

Furthermore, in local coordinates (z*, ..., x™), the connection is written in terms of the metric
as: )
k kl
I = 59 (0ig1 + 9590 — O19i5)

where G=1 = (gM) is the inverse matriz of the metric.
Proof. Condition 1) means that V satisfies the formula:
9:(0;,0k)g = (V,0;,0k)g + (9, Vo, 0k)g
for all 7, 7, k. By the definition of the metric, we know that:
(0i,05)9 = 9ij-
And by the properties of this inner product, we have:
(Vo,0;,0k)g = <Z Féjalaak>
l
= Z Féj (D1, ak>g
!
=D Tijom-
!

g

19
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Therefore 1) can be rewritten as:
Bigin = Y (Thigm + Thggry)-
I

Since condition 2) allows the bottom indices of the Christoffel symbols to commute, we have:

1 1 m m m m m
§9kl(az‘9ﬂ +0;9u — Dgij) = 2 g" Z 5 9mt + 13 Gmg + Ui gmi + T Gmi — L g — ngmz')

1 m m m m m
= §9kl Z(Fijgml + U 9mj + U35 gmt + U5 gmi = Ui Gimg — U5 Gmi)

= lgklz (213 gt
= Z Fzgklgmz
-
=T%.
Since the expression on the left-hand side is only in terms of the metric, the connection is

unique. L]

Definition 2.30. The unique torsion-free metric connection on a Riemannian manifold is

known as the Levi-Civita connection.

2.8 Curvature and Flat Manifolds

In Example [2.23] it may seem unusual that parallel translation along a closed loop results
in a different vector than the starting vector, whereas on R”, this is not the case. However,
this is due to the sphere having an intrinsic curvature that is not present in Euclidean space.

To take a closer look at this, we have the following definition:

Definition 2.31. Given a connection V on (M, g), the map R : X(M) x X(M) x X(M) —
X(M) given by:
R(X,Y)Z =VxVyZ —VyVxZ —Vxy|Z

is called the curvature endomorphism of V. If R(X,Y)Z = 0 for all X,Y,Z, then we
say M is V-flat.

It follows from straight-forward calculations that the curvature endomorphism is a (3)-
tensor field on M.
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There are several equivalent ways of formulating flatness on a manifold. For example, as
was alluded to at the beginning of the section, M being V-flat can be understood in terms

of the parallel translation induced by V.

Theorem 2.32. The following are equivalent:

1. M is V-flat.
2. For allp € M, there exists a local parallel frame around p.

3. Parallel translation with respect to V is path-independent. That s, if v and v are two
curves R = U C M with v(0) = 5(0) and (1) = 5(1), then Pyoya)(v) = Pyo)z1)(v)
for all v € T, M.

Proof. (1 = 2) This proof is due to Lee [27]. Suppose the curvature endomorphism with
respect to V is R = 0. Let p € M be centered in the chart (U, ¢ = (z!,...,2")), so that
(p) = (0,...,0) and T,M = span{0i|p, ..., On|,}. To avoid confusion, we will denote the basis
of T,M by {E\, ..., E, }. Without loss of generality, we can assume that the image of ¢ is an
open hypercube in R C' = {x € R" | —e¢ < 2’ < ¢,Vi € {1,...,n}}, where ¢ > 0, since C

will be contained in the image of the coordinate chart for some e.

Consider fixing j € {1,...,n} and using V to parallel translate F; along the x!' direction.
By doing so, we can obtain vectors in C' along the entirety of the z'-axis, which we denote
by E;(q), where ¢(q) is on the z'-axis. Then for each E;(q), we can parallel translate this
vector along the z2-direction and obtain vectors on the entire (x!, z2)-plane. If we continue
this construction for the remaining z'-axes, we obtain a vector field F;(g) over the entirety
of U. Theorem guarantees that E;(¢) will be smooth.

We now show by induction that if ¢(q) lies in the span of the first k axes of C, then
Vo,Ei(q) =0 forall i € {1,....,k}. If k =1, then ¢(q) is on the z'-axis, so by construction,
Va, Ej(q) = 0. Suppose that the inductive hypothesis holds for & = m, with 1 < m < n.
We must show that if ¢(¢) lies in the span of the first m + 1 axes, then Vj, E;(¢) = 0 for all
i€{l,...,m+1}. We know that E;(¢) was obtained by parallel translating a vector in the

span of the first m axes along the x™*!

-axis, so by construction, V. F;(q) = 0. If p(q)
happens to lie only in the span of the first m axes, then Vg, E;(¢) = 0 for all i € {1,...,m}

by the inductive hypothesis. We will show that V., Vs, E;(q) =0 for all i € {1,...,m}.

m—+1

Note that by our assumption of V-flatness, and the fact that [0,,,1,0;] =0 fori € {1,...,m},
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we have:

0=Vo,..VaEij(q) —Vo,Va, Ei(q) — Vig,.01E5(q)
O = vam_»,_lvaiEj(Q) - vﬁiv8m+lEj(q)
vaivam+1Ej (q) = Va szEJ (q)

m—+1

But Vy,,. . E;(q) =0, so:

Vaio = vai+1vaiEj (q)
0= V3¢+1V3¢Ej (Q)

Therefore, Vg, F;(q) is constant along the ™% direction. However, we know that when
2™ (q) = 0, Vy,E;(q) = 0 by the inductive hypothesis, so by uniqueness of the parallel
transport Vg, Ej(q) = 0 on the entire span of the first m + 1 axes. Finally, if we set k = n,
we can conclude that E;(q) is parallel on all of U. Therefore, following the construction for

each j, we obtain a local parallel frame.

(2 = 1) Let {s1,..., 8.} be a local parallel frame on U C M. That is, Vxs;(p) = 0 for all
peUandall X € X(M) fori =1,...,n. Then for all X|Y € X(M):

R(X,Y)(si(p)) = VxVysi(p) — VyVxsi(p) — Vixysi(p) = 0.

Since the curvature endomorphism is a tensor, it is C*°(M)-linear in each entry. If Z(p) =
32 Z'(p)si(p), then:

R(X,Y)Z(p) = R(X,Y) (Z Zi(p)si(p))

=Y " Z'(p)R(X,Y)s:(p)

So the curvature endomorphism vanishes.

(2 = 3) Let {s1,...,s,} be a local parallel frame on U C M. Let X, € T,M for p € U,

which we can write in terms of the local frame:

Xp = Z xzsz<p>
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where z; € R. Let v : R — U be such that v(0) = p and (1) = ¢, where ¢ € U. Note
that since s; is parallel, V. )s;(p) = 0 for all ¢ € [0, 1], so therefore by uniqueness of parallel

translation,
Py (si(p)) = si(q).

This result is independent of the choice of . Since P,(g)y(1) is an isomorphism from 7, M to
T, M, we have:

P, 0yy(1)(Xp) = Pyop) (Z xisi(p))
= Z (ziPy0)r 1) (5i(p)))
— Z :EiSi(Q)-

Hence, parallel transport is path-independent.

(3 = 2) Let p € M be centered in the chart (U, = (z!,...,2")), with T,M =
span{0i|p, ..., On|p}. Suppose that parallel translation with respect to V is path-independent.
Denote 0;|, by E;. We can define a local parallel frame {s1, ..., s,} by setting

where 7 : R — U is any curve with 4(0) = p and (1) = ¢. This is well-defined since
parallel translation is path-independent. Furthermore, s;(p) is parallel on U and smooth by

construction. Therefore, {sy,...,s,} is a local parallel frame. ]

Corollary 2.33. If M is V-flat, and (U, = (z,...,2™)) is a local chart centered at p € M,
then for any curve v : R — U with v(0) = v(1) = p, the isomorphism Py 0)y) s the identity
map on T,M.

Proof. By the previous theorem, parallel translation with respect to V is path-independent,
and clearly when v is the constant path (y(t) = p for all t), Py)y1)(v) = v, for all v €
T,M. O

In Example [2.23] S? was not V-flat, so based on the results in this section, it is not

surprising that the vector obtained by translating around a closed loop was not the same as

the starting vector.

23



2. RIEMANNIAN GEOMETRY

2.9 Dual Affine Connections

We have seen that when V is a metric connection, the inner product is preserved by parallel
translation. However, even when V is not a metric connection, there exists a so-called dual
affine connection which, in conjunction with the original connection, preserves the inner

product.

Definition 2.34. Given an affine connection V on (M, g), the dual affine connection V*

is the connection that satisfies:
Z<X7 Y)g = <VZX7 Y)g + <X7 V>|<ZY’>9

for all X|Y,Z € X(M).

First, we will see that the dual affine connection always exists and is unique, as well as

the reason why it can be considered a dual.

Theorem 2.35. The dual affine connection exists and is unique.

Proof. Recall from Theorem that:
(Vo,05,0u)g = Y _Thigm
l
Therefore, V* can be written in terms of V as:
Oigin = Y Thgw+ Y (T,
! !
0igjk — Z Féjglk = Z (F*)ékglj
!

l

Oigik — > Thign | 9™ =D (T g 8™
l

j?l

Qg — > Thgw | g™ =D ()
l

Digie — Y Thiou | ™ = (T
l

Q.M Q.M Q.M
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Now suppose V! and V? are both dual to V. Then for all XY, Z € X(M):

0=(VzX,Y), +(X,V,Y), — (V,X,Y), — (X,V3Y),
0= <X7 VlZY>g - <X7 VQZY>5]

0= (X,V,Y —V3,Y),0 =V,Y - V3,Y
VY =V5Y.
Therefore, the dual affine connection is unique. O

Theorem 2.36. The connection V* is dual in the sense that (V*)* = V.

Proof. Let X, Y, Z € X(M). By symmetry of the metric:

Z<X7Y>g = Z<Y7X>g
=(V2Y, X),+(Y,V,X),
= (VZX,Y )y + (X, VzY),.

So (V*)* = V. O

A natural question to ask is: under what conditions is an affine connection equal to its

own dual?

Theorem 2.37. An affine connection V is self-dual (V* =V ) if and only if V is a metric

connection.

Proof. ( =) Substituting V* with V in the definition of the dual affine connection yields

exactly the requirement for V to be a metric connection.

(<) If V satisfies the formula:
Z<X7 Y)g - <VZX7 Y)g + <X7 VZY>9

then by uniqueness of the dual affine connection, the only choice for V* is V* = V. O

An interesting fact about dual connections is that their average is always a metric connec-
tion, even if neither of them is a metric connection. Linear combinations of affine connections
are, in general, not connections since the Leibniz rule may fail. However, convex combina-

tions are valid, so the average of two connections is a connection.

Lemma 2.38. A finite convex combination of affine connections is an affine connection.
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Proof. Let V', ..., V¥ be affine connections on M. Set V = Y. ;V? where Y. a; = 1 and
a; > 0 for all . Then V will have linearity in the first component:

VixY = Z @, Vi Y
= i ;i fVyY
= fZZ VY
_fvay

And V will satisfy the Leibniz rule:
Vi fY =) aiVi(fY)

=D _ail(XN)Y + fUY)

=Y (XY + ) afViY

= ()Z(f)Y + fVXY.l

Hence, V is an affine connection. O

Theorem 2.39. Given an affine connection V and its dual V*, their average 5(V + V*) is

a metric connection.

Proof. By the previous lemma, 1(V + V*) is an affine connection. Let X,Y,Z € X(M).

Then we have:

Z{X,Y), = 52Z(X,Y),)
= LUVZX Y )y (X V5Y)y 4 (V5. V) + (X, VsY),)
= SUT2X V), 4 (V5K Y)g) + 5 (X VoY) + (X, V5Y),)
= (S(V+ V92X, Y)y + (X, 5(V + V)57),.
So £(V + V*) is a metric connection. O

With this result, it is tempting to find a relationship between dual affine connections and

the Levi-Civita connection. However, it is not the case that their average yields a torsion-free
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connection in general. To get this result, we still require that both V and its dual V* are

torsion-free.

Theorem 2.40. Let V be an affine connection on (M, g) and its dual be V*. If V and V*
are both torsion-free, then (V + V*) is the Levi-Civita connection on (M, g).

Proof. We know that (V + V*) is a metric connection, so all that remains to show is that
it is torsion-free when V* and V* are torsion-free. This can easily be seen by the Christoffel

symbols. Let FZ- denote the Christoffel symbols of the average of the affine connections.

Note that:
1 k
:<§v+v )
1 k
(5 (Va0; + V5,05 ))
= Lk o).
2

So the Christoffel symbols of the average of the connections is simply the average of the

symbols. Then it is clear that:

T = 5(Th + (T))
(T 4+ (%)
=T,
So £(V + V*) is the Levi-Civita connection on (M, g). O

Remark 2.41. It is not the case that V being torsion-free implies V* is torsion-free. Take
R? with the Euclidean metric. Define V by setting '}, = 1, and all else to be the constant
function 0. We can see that V is torsion-free, since clearly I'f, = T'% for i = 1,2, and
I'%, = 0=T% for all k. This forces V* to be given by:

90, 0k)g = (V,0,0)g + (95, V,0k)g
0= F?j + (I)%
_F?j = (F*)ik
Then (T*)}, = —T% = —1, but (I'*)};, = —T3, = 0. So V* is not torsion-free, meaning the

requirement that both V and V* have to be torsion-free in the previous theorem cannot be

relaxed to only V being torsion-free.

27



3. GEOMETRY OF STATISTICAL MANIFOLDS

3 Geometry of Statistical Manifolds

3.1 Parameter Spaces of Probability Distributions

Information geometry is primarily about spaces of parametric probability distributions.

First, we give the definition of a discrete probability distribution.

Definition 3.1. Let X = {X3,..., X,,}. A discrete probability distribution is any non-
negative function P : X — R, such that ), P(X;) = 1.

The set X is the domain of the random variable. This definition can be extended to

any measure space, but aside from finite sets, we will only consider when X = R.

Definition 3.2. Suppose X = R. A continuous probability distribution is any non-
negative, Lebesgue integrable function P : X — R such that fx P(z)dx = 1.

Remark 3.3. The function P(x) given in Definition is generally referred to as the
probability density function. The probability that the random variable x € X lies in

/a ' Pla)dr.

In this paper, we simply refer to this function as the probability distribution.

la,b] C R is given by:

Consider the parametric family of normal distributions, which have two parameters § =

(k,0): X )
(x—p)
P(x;0) = ———e 2:2 |
(:6) V2ro?

where € R and o > 0. Suppose we have a set of data { X7, ..., X, }, which we know follows
a normal distribution, and we want to estimate the values of 6 of that distribution. Since
the probability density function of the normal distribution is very well-behaved, one could
simply apply the method of maximum-likelihood estimation and determine that the best
. Zz Xi

estimates are

I

and

However, not all families of parametric distributions have a closed-form solution for their

maximum-likelihood estimates. If this is the case, we can still estimate # using a numerical
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method. We will continue to use the normal distribution as a simple example, despite the

existence of a closed-form solution.

Let us associate every normal distribution with a point in the open upper half-plane of
R?, where the coordinates of a distribution are given by (u,0). Then, in order to find an

optimal choice for # that could have produced { X7, ..., X, }, we define the likelihood function:

and maximize L(#) over the upper half-plane of R? using a numerical method. By doing so,
we will approximate the values of § that were most likely to have produced {Xj, ..., X,,}, in

the sense that the total probability of producing these values has been maximized.

Numerical methods that are used to optimize functions (such as gradient descent or
Newton’s method) are often iterative: that is, they involve traversing the domain over many
steps. We should, therefore, be concerned about whether or not Euclidean distance in the
parameter space is a good measurement of “distance” between two normal distributions, as
it comes into play in many of these numerical methods. For example, take the following four

points in the parameter space:

g
3 |
(042) (4,2)
2 @ d
(041) (4,1)
1 @ . J
:—2 ; 4 :3 g 12

Figure 6: Points in the parameter space of normal distributions.

The upper two points and the lower two points have the same Euclidean distance in the

parameter space. However, these are what their probability distributions look like:
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Figure 7: Comparison between two pairs of normal distributions that have the same Euclidean distance in
the parameter space. The first plot shows the points (0,2) and (4, 2), while the second plot shows (0,1) and
(4,1).

This suggests that the improvements made by an iterative optimization method may be
unpredictable, since the Euclidean distance in the parameter space is seemingly unrelated
to how similar two distributions appear. The goal of this section is to show that we can
interpret spaces of parametric probability distributions as Riemannian manifolds, where the
parameters define local coordinates. Later, we will see a precise example of a numerical
optimization method, called gradient descent, and how its performance can be improved by

leveraging Riemannian geometry.

3.2 Divergences of Probability Distributions

In this section, we will introduce the concept of a divergence, which is a way of comparing two
probability distributions, as an alternative to using the Euclidean distance in the parameter
space. Shannon and Weaver [40] viewed a probability distribution as an information source.
They studied the concept of entropy, which Shannon referred to as the amount of freedom
of choice a source of information has. If the result of a random variable is often the same
value, then the entropy of that probability distribution is low, and if the random variable is

evenly distributed, then the entropy is as high as it can be. Formally, the entropy H of a

30



3. GEOMETRY OF STATISTICAL MANIFOLDS

discrete distribution P(z) with x € X = {X1,..., X,,} is written as:

H(P) ==Y P(x)log P(x).

If P(x) is over a continuous random variable (X = R), then the entropy (sometimes referred

to as differential entropy) is given by:

H(P) = —/XP(:E) log P(x)dzx.

It is worth noting that in the continuous case, may not be finite, but we will assume finiteness
for this paper. We consider the logarithm here to be with base e, but in many applications
in computer science where entropy represents the expected number of bits needed to encode

a message, the base would be 2.

In practice, one often approximates a true distribution P(z) using an estimated distribu-
tion Q(x). Similar to above, we can then compute the entropy of Q(z), but over the data
produced by P(x):

H(PQ) = —/ P(z)log Q(z)dx.

X
This is referred to as the cross-entropy between P(z) and @Q(x). In the context of machine
learning, cross-entropy is often adapted as a loss function, which is used to optimize the
performance of a network, when the output of the classifier can be compared to the true

desired output (for example, in image classification tasks [20]).

Kullback and Leibler [23, (13|, who studied decision theory, introduced an idea closely re-
lated to cross-entropy which they called the Kullback-Leibler risk. Currently, in information

geometry and machine learning, this is called the KL-divergence.

Definition 3.4. The KL-divergence between two distributions P(z) and @Q(z) over the

same random variable is:

KL(P|| Q) =— /X P(z)log <%> dz.

One interpretation of the KL-divergence is that it is the difference between the cross-

entropy of an approximating distribution and the entropy of the true distribution. We can
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see this by a short calculation:
H(P,Q)— H(P) = —/ P(x)log Q(z)dx + | P(z)log P(x)dx
X

_ /X P(x)[log P(z) — log Q()]dz
(

:/ Plajlo (@(z)>dm
()

—KL(P I Q).

It is sometimes called the KL-distance, but this is a misnomer, since it does not satisfy
all the requirements of being a distance metric. In particular, the KL-divergence is not

symmetric and it does not satisfy the triangle inequality.

The KL-divergence is deeply motivated by information theory, but we can define a more

general notion of a divergence on probability distributions.

Definition 3.5. Let S be the set of all probability distributions over X. A divergence on
S is a function D : S x S — R that satisfies for all P(z),Q(z) € S:

L. D(P|Q)=0

2. D(P || Q) =0if and only if P = Q

We will see later that the KL-divergence falls under the more general definition of a
divergence. The aim of the remainder of this chapter is to show that even when we allow
ourselves to use the more general definition of a divergence as above, the KL-divergence

will remain the most natural choice of divergence in information geometry, as it lies in the

intersection of two important divergence classes.

3.3 f-Divergences

We start with the definition of an f-divergence.

Definition 3.6. An f-divergence is a divergence function of the form:

DAPIQ = [ Pl (ﬁg;) i
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where f :[0,4+00) — R is a strictly convex, differentiable function such that f(1) = 0.

Theorem 3.7. An f-divergence is a divergence.

Proof. By Jensen’s inequality:

Clearly, D¢(P || P) = 0, since f(1) = 0. To see that equality holds if and only if P(z) = Q(z),

requires strict convexity. We refer the reader to [28§]. O

Example 3.8. The KL-divergence is an f-divergence, where f(u) = —log u.
Example 3.9. When f(u) = 1(u—1)?, the derived f-divergence is the Pearson x?-divergence:
1 [ (Qz)— P(z))’
Di(P| Q) ==
(Pla-; [ EH

This version of the y2-divergence is not symmetric, but there is a symmetric version that
replaces the denominator with P(x) 4+ Q(x).

dx.

Example 3.10. When f(u) = (y/u—1)?, the f-divergence is known as the squared Hellinger

distance:

DP Q) = [ (VPE - V@) dr

Clearly the above definition is symmetric, however, it does not satisfy the triangle inequality.

The class of f-divergences satisfies a few properties. If we let f be a strictly convex,

differentiable function with f(1) = 0, then for any ¢ > 0, c¢f is also strictly convex and

PP Q= [ Pt (%) 0

o o (3

=c - Di(P| Q).

differentiable. Furthermore:
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Since f is strictly convex, we can standardize the convexity by requiring that f”(1) = 1.

Furthermore, if g(u) = f(u) —c(u—1), then g is also convex and differentiable, with g(1) =0
and ¢'(1) = f'(1) — ¢. Then we note that:

z) 1>] dz

()

paria= [ o s (55) -« (55
= Jorr (5 ) = ([, o - <>>dx)
—DiP|| Q) —c [ Qu)dr+c [ P

X X

=Dy(P || Q) —c+c
= Ds(P || Q).

So without loss of generality, we can also assume f’(1) = 0 in addition to f”(1) = 1, since

adding this linear term does not affect the second derivative.

Definition 3.11. An f-divergence that additionally satisfies f'(1) = 0 and f”(1) = 1 is

called a standard f-divergence.

The purpose that f-divergences serve in information geometry is that they are exactly
the divergences that satisfy a certain invariance criterion, which we now discuss. Csiszar
first studied the concept of information monotonicity in the context of discrete distributions,
which is summarized in [14]. Let X be the domain of a discrete random variable, and P(x)
and Q(z) be probability distributions with x € X. Consider a map k : X — ) which

transforms the random variable. Define:

To avoid complications, we will always assume k is surjective. If k is also injective, then
D(P || Q) = D(P || Q), since k is simply a relabelling of the random events.

The more interesting case is when k£ is not injective, in which case information may be lost.
First we will see an example where such a map makes it impossible to tell two distributions

apart by the KL-divergence even though they were originally distinct.

Example 3.12. Let X = {1,2,3,4,5,6} be the outcome of adieroll. Let k: X — Y = {0,1}
be such that k(z) = 0 is z is even and k(x) = 1 when z is odd. Consider the following
probability distributions:
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P(z) Q(z)

9 9

24 24

8 8

24 24 Q Q

e 7

21 24

6 6

24 24

5 5

24 24

4 4

241 o0 o o o o o 21

3 3

24 24

2 2

24 24

1 1 1

21 21 T T
1 2 3 4 5 6 x 1 2 3 4 5 6 x

Figure 8: Two distributions over X = {1,2,3,4,5,6}.

One can compute the KL-divergence between P(z) and Q(z):

e 1@ =3 riovs (53)

reX

1 4 1 1 4
=3 [logél + log (5) + log (5) + log (5) + log (5) + log 41

= 0.3252.

However, under the transformation k, the two distributions P(y) and Q(y) can no longer be

told apart.

LP 1) = 3 Pios (£2)

yey

= (P(2)+ P(4) + P(6)) log (g
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The purpose of this example is to demonstrate that, at least with the KL-divergence, we
expect that KL(P || Q) > KL(P || Q). Intuitively, this means that if a transformation
of the random variable discards information, then distributions will appear closer together.

This turns out to be a property of any f-divergence.

Definition 3.13. Let D be a divergence and k : X — ) be a transformation of a random
variable. We say D satisfies information monotonicity if for any pair of distributions
P(z) and Q(x) over X, we have:

D(P| Q) =D(P|Q),

where
Ply)= Y Pl
z:k(z)=y
and
Q= > Q)
wik(x)=y

Theorem 3.14. Every f-divergence satisfies information monotonicity.

Proof. This proof is due to Amari [3, |4]. Let k : X — Y, let P(z) and Q(z) be distributions
over X, and let P(y) and Q(y) be the distributions under the transformation k. Suppose
Dy is an f-divergence. As previously noted, if k is injective, then D;(P || Q) = D;(P || Q).

Suppose k is not injective. That is, there exists distinct zg, 21 € X and y € ) with
k(xog) = k(z1) = y. Then by convexity of f:

(
= (Pl + P! (s e * P i)
= (Plao) + Plan))f (P(;cj(fz)?(xl) ' gﬁiﬁ; * P(xj(flz)a(xl) ' %3)
g (i) G B, )
pieo (i) + e ()

For all other x € X, we simply have:

ps () - (82)
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Therefore, we satisfy:
Dy(P[|Q) < Dy(P Q).

This proves the case when there is a two-to-one mapping. A similar proof works for many-

to-one mappings. ]
In some cases, equality is achieved even when k is not injective. To look at this, we have

a definition.

Definition 3.15. Let P(z;60) be a probability distribution with n parameters, = (64, ..., 0,,),
and random variable x € X. A transformation of the random variable k : X — ) is called a
sufficient statistic for 6; if the conditional probability P(x;6 | k(z) = y) does not depend

on 6;.

Example 3.16. Consider a coin being tossed n times, where the probability of it landing
heads is p. Let X = {& = (21, ...,z,) | #; = 0,1} where 1 indicates heads and 0 indicates

tails. The probability of a particular event occurring is:
Pz = (21, ..0);p) = | [ p"(1 = p)0 7.

For example, if p = 0.6, then the probability of seeing = = (1,0, 0) is:
(0.6 1)(1-0.4)(1 - 0.4) = 0.096.

Let k(z) = >, z;. We show that this is a sufficient statistic for p. The probability that we

see an event where k(x) = y (that is, we see y heads) is:

(Z) p’(1—p)" .

So, the probability that we see a particular event, given that we see y heads is given by:

Y(1 — p)n—y)
P = (21, 2)ip | K(z) = y) = (33;,1(1 e o

which is independent of p. So k is a sufficient statistic for p.

One way of thinking about sufficient statistics is in terms of estimating a parameter. If
k(x) is sufficient for 6, then knowing k(z) gives the same amount of information about 6
as knowing x. To use the example above, if we had a unfair coin and wanted to guess the
probability p of flipping heads, then having a list of n trials is as helpful as knowing the

number of heads in n trials.
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We now relate this back to f-divergences. We give two more definitions involving diver-

gences.

Definition 3.17. A divergence D over a parametric family of probability distributions is
invariant if it satisfies information monotonicity and equality holds if and only if k is a

sufficient statistic for each parameter.

Definition 3.18. A divergence D is decomposable if it is of the form:

D(P[|Q) =) _d(P(x),Q(x)),

rzeX

for some function d : R x R — R.

We give the following theorem, without proof. This theorem appears in [4] and [3].

Theorem 3.19. An f-divergence is invariant and decomposable. Furthermore, an invariant,

decomposable divergence is an f-divergence, unless it is over P(x) for x € X where |X| = 1.

Therefore, except in the case |X| = 1, f-divergences are exactly the class of invariant,

decomposable divergences.

3.4 Fisher Information as a Riemannian Metric

In this section we show that a Riemannian metric can be derived from a divergence. By
doing so, we can interpret a parameter space of probability distributions as a Riemannian
manifold. For an explicit example, we show the entire derivation for the KL-divergence,
where the metric obtained is the Fisher information matrix. However, due to a theorem
by Chentsov [11, [16], every f-divergence gives the Fisher information matrix up to a scalar

factor, making it the only metric invariant under sufficient statistics. In this section, we use

9; to denote -3 where 6 = (6, ...,6")" is a vector of parameters.

Definition 3.20. Given a parametric family of probability distributions, for a particular
value of the parameter 6 = (0',...,0")", the Fisher information matrix of P(z;0) is (gi;)

where:

Gij = / P(x;0)(0;log P(x;6))(0; log P(x;0))dx.
x
We will denote this matrix by G(8).

Theorem 3.21. The Fisher information matriz G(0) is always symmetric and positive

semidefinite.
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Proof. It is clear from the definition that ¢;; = gj;. Now let £ = (&1, ...,&,) € R". Then:

§G(0) Zszgw@
= Zfz |:/ xz; 9 (8 logP(x 0))(83 1OgP(x;49))d4 £;

= | 3 Plaso)(drtog Plai0) (60,108 Pla:0))da
:/ (Z £:0; log P(;6) ) (Z ¢,0, log P(z; 9)>d
:/XP(x; 0) <Z§i(9ilogP(x;0)) dx

> 0.

So G(0) is positive semidefinite. O

In order for the Fisher information matrix to be a true Riemannian metric, it must be
positive definite. We can see from the previous theorem that this may fail, for example, if
the support of P(x;#) is strictly contained in the domain. That is, if there exist random
events that have a probability of zero. There are many papers in information geometry that
study manifolds where the requirements of the Riemannian metric are weakened [44, 46, 29],
for example, not requiring the metric to positive definite. On the other hand, many standard
distribution families have a positive definite Fisher information matrix, so for the remainder

of this paper, we will assume positive definiteness.

Now we show the relationship between the Fisher information matrix and the KL-divergence.

The following theorem depends on P(x;#) meeting certain regularity conditions which guar-

0 0

An overview of these conditions is given in [26]. We assume this holds in the proof of the

antee that:

theorem.

Theorem 3.22. Let Py = P(x;0) and Pyis9 = P(x;0 + 60). The second order Taylor
expansion of KL(Py || Pyys9) yields the quadratic form 5607 G(0)60, where G(0) is the Fisher

information matrix.
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Proof. The Taylor expansion gives:

P,
KL(F | P9+59):/P010g<P6 )dx
X

060

= / Pg log Pgdﬂ? — / Pg log P9+59d.’13'
X X

P
%/Pglogpgdl’—/Pg (logP9+(VP9) 59+ (SQT(VQlong)(S@)d
X X 0

1
2
T 1
( VPgda:) 50 — =06" ( / Py(V?log Py dx) 50
X 2 X
4 1
— (_v/ Pgdx) 560 — E(seT (/ Py(V?1og Py) da;) 56
X
:(—VU%G—%MT(/}MVH%mevée
X

— _%MT </ Py(V?log Pg)dx) 56.
X

Then we can compute the Hessian of log Py by applying the quotient rule:

P
aﬁj lOng = E)Z (8] 9)

Py
_ (90,P)Py — (0.P)(9;Py)
PyFy

— (0;1og Py)(0; log F).

8.0,
=

In matrix form, this is:

V2P

V2log Py = — (Vg Py)(Vlog Py)".
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Therefore:
1 1
—5597’ ( / Py(V?log Pg)d:v) 60 = —5597’ ( / V2Py — Py(Vlog Py)(V log Pg)de) 60
X X
— _%(597’ (/ V2 Pydx —/ Py(Vlog Py)(Vlog Pg)TdiL‘> 00
x X
— _%MT <V2/ Pydx —/ Py(Vlog Py)(V log Pg)de) 00
X X
— _%MT <V21 —/ Py(Vlog Py)(Vlog P@)le’> 56
X
1 r T
= 559 Py(Vlog Py)(Vlog Py)” dx | 06
X
1

= S007G(0)80.

O

In light of this, we can interpret the space {P(z;6) | § € R"} as a Riemannian manifold.
This manifold is covered by a single coordinate patch, so we treat the manifold as R™. Since
the points on the manifold are associated with probability distributions, we call the manifold

a statistical manifold.

By starting with a different divergence function, one could try to obtain a Riemannian
manifold with a different metric, but when the divergence is an f-divergence, the metric
obtained is always the Fisher information matrix (up to re-scaling). Chentsov first proved

this in the framework of category theory.

Theorem 3.23. (Chentsov, [11]) The Fisher information matriz is the only invariant Rie-
mannian metric up to a scalar factor, in the sense that it is induced by an invariant diver-

gence.

3.5 Bregman Divergences and Dually Flat Structures

The class of f-divergences allow us to interpret the parameter space of a probability distri-
bution as a Riemannian manifold, where the Riemannian metric has the desirable property
that it is invariant under transformations of the random variable. This does not tell us
much about the affine connections associated with the manifold. In this section we explore
another class of divergences known as Bregman divergences, which are in bijection with

so-called dually flat structures.

Definition 3.24. Let {P(z;0) | 6 € R"} be a family of probability distributions. Let
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Py = P(x;0) and Py = P(x;60'). A Bregman divergence is a divergence of the form:

Dy(Fy || Py) = ¢(0) = (0') = Vi(0') - (0 = 6),

where ¢ : R” — R is a strictly convex, differentiable function.

Theorem 3.25. A Bregman divergence is a divergence.

Proof. The supporting hyperplane of v at 6" is given by:

f(0) =0 (0) + Vp(6') - (6 - 0).

Therefore, the Bregman divergence is the difference between 1 (f) and the hyperplane sup-
porting ¢ at ¢, evaluated at §. By convexity of ¢, Dy(FPy || FPo) > 0, and by strictness,
Dy(Py || Por) = 0 if and only if 6 = ¢'. O

However, Bregman divergences are not symmetric in general.

Example 3.26. Let 0 be a single parameter (6 € R) and 1(0) = €. Then ¢/(0) = €’. If we

consider # = 0 and ¢ = 1, we have:
Dy (Py || Pyr) = 1(0) — (1) = ¢'(1)(0 — 1) =1,

and:
Dy(Py || Po) = ¥(1) = (0) = ¢/(0)(1 = 0) = e — 2.

Therefore, the Bregman divergence given by 1 is not symmetric.

Since the function (0) is strictly convex, its Hessian is positive semi-definite. Positive
definiteness is not guaranteed, since for example, if § € R, then ¥ () = 6* is strictly convex,
but ¢”(0) = 0. If the Hessian is positive definite, a Bregman divergence induces a Riemannian

metric, where g;; at the point 6 is given by:

82

90(@»@) = W
(A

Dy(Py || Pyr).
0'=0

Furthermore, a Bregman divergence induces a pair of flat, dual affine connections [2], where

the Christoffel symbols are given by:

83
I'*(0) = —————| Dy(Py | Py
’L](e) 80286]882 oo 1/1( 0 H 9)
" o
(I');(0) = = 96:06,00, 0,:9D¢(P0 | Par),
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where
D;Z(Pg ” Pg/) = D¢,(P9/ H Pe)

The notation D* is called the dual divergence.

Now suppose we are given a statistical manifold (M, g), with a flat affine connection V.
By Proposition 2.1 in [29], the dual affine connection V* must also be flat. The quadruple
(M, g,V,V*) is called a dually flat structure. We have the following remarkable theorem.

Theorem 3.27. (Proposition 3.1 [29]) Let 6 = (0,...,0™) be coordinates with respect to a
parallel frame (that is, the Christoffel symbols of V wvanish) and let n = (11, ...,n,) be the
dual coordinates for which the Christoffel symbols of the dual affine connection V* vanish.
Then there exist functions v and ¢ on M such that:

oy — . % = @
o0 " o
and:
W(P) + ¢(P) = > 6 (P)m(P) =0,
forall P € M.

From this pair of functions, one can obtain what is called the canonical divergence,
with respect to the dually flat structure (M, g, V,V*). For P,Q € M, it is defined by:

D(P || Q) =¢(P) + ¢(Q) — Z 0" (P)n:(Q).

Theorem 3.28. Let 0 = (0',...,0™) and n = (n1,...,m,) be the dual coordinates associated
with the dual affine connections of a dually flat structure (M, g,V ,V*). Let v and ¢ be given
by the previous theorem. The canonical divergence of (M, g,V ,V*) is a Bregman divergence,

associated with the strictly convex function 1.
Proof. Let P,QQ € M. By the previous theorem:
V(@) + Q) = Y 0'(Q)m(Q) =0.

Rearranging this, we get:

—(Q) = ¢(Q) — ZW@)M@.
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If we substitute this into the expression for the Bregman divergence given by 1, we see:
Dy(P || Q) = ¢¥(P) = ¥(Q) = VY(Q) - (6(P) — 0(Q))
4 0 : .
—$(P) +6(Q) - (Z 92(@)m(@)> - ( S S @r) —m)))

= 4(P) +0(Q) - (Z 9%‘(@)77@-(@)) - (Z HQ(P) - 92‘(@)))
= U(P) +9(Q) = 3_0'(P)mi(Q).
So the canonical divergence of (M, g, V,V*) is the Bregman divergence Dy (P || Q). O

Therefore, there is a one-to-one correspondence between Bregman divergences and dually
flat structures. This duality has been studied extensively in information geometry [29, |41}

4]. Finally, we note a key result about the KL-divergence.

Theorem 3.29. (Amari, |3/) The KL-divergence and its dual are the only divergences that

lie in the intersection of the f-divergence and Bregman divergence classes.

The main goal of this chapter was to motivate the use of the KL-divergence and the Fisher
information matrix to induce a Riemannian structure on parameter spaces of probability
distributions. In the next chapter, we show how information geometry can be applied to

machine learning.

4 Applications to Machine Learning

4.1 Background on Neural Networks

In this chapter we see more specific applications of Riemannian geometry and information
geometry in machine learning. The online books [18] and [30] are excellent resources on
introductory machine learning topics. In this section, we introduce the concept of a neural

network.

In general, an artificial neural network (ANN) is a function with a large number of pa-
rameters, mapping input vectors to output vectors. Their use has been studied extensively

in the areas of regression, computer vision, and speech processing |8, |1§].
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The building block of a neural network is the neuron, which is loosely related to a

biological neuron. It consists of several components:
e Input: =z = (z1,...,x,) € R"
e Weight: w = (wy,...,w,) € R"
e Bias: be R
e Activation function: f: R — R

A neuron maps the input vector x to a real-valued output y = f(w-x +b). This is typically

visualized as:

T b
w1
i) Wa
y=[f(w-z+D0)
Wn,
T

Figure 9: A single neuron.

Intuitively, one can think of the input x as a stimulus. If the input to the neural network
is an image, then each x; might be the intensity of a particular pixel. The vector w amplifies,
dampens, or negates specific inputs, based on their importance to this particular neuron.
The activation determines how the neuron “fires”, in relation to its weighted input. Some
typical choices of f are the step-function, the sigmoid function, and the rectified linear
unit (ReLU):
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4-3-2-1] 1 2 34 -4-3-2-1| 1 2 3 4 -4-3-2-1| 1 2 3 4

Figure 10: Various activation functions used in neurons.

The bias effectively translates the graphs of these functions horizontally, requiring the

summed input to be lower or higher for the neuron to “fire”.

The simplest kind of ANN is called a multilayer perceptron. It consists of several
layers of neurons such that the output of a neuron in one layer is used as input to neurons
in the next layer. Below is a figure showing a multilayer perceptron, where each unlabelled
circle is a neuron. Every arrow has a weight parameter associated with it and every neuron

has its own bias parameter.

Figure 11: A multilayer perceptron. Each unlabelled node is a neuron, with its own bias parameter, and
each arrow has a weight associated with it.

The weights and biases are the parameters that can be adjusted to change how the
multilayer perceptron functions. Features such as the number of layers and the number of

neurons in each layer are referred to as the architecture of the ANN, and are usually fixed
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before optimizing the parameters.

A large part of machine learning research is studying how to adjust the parameters of an
ANN to make it perform well at a certain task. These processes of learning the parameters
are generally separated into two major categories: supervised learning and unsupervised
learning. In supervised learning, we use a sample of desired input-output pairs, called a
training set. An example of this is an ANN that learns to recognize stop signs in images, by
using a dataset of images that have stop signs and a dataset of images that do not. In this
case, we define a way to measure the performance of the ANN based on how close its outputs
are to the expected outputs in the training set. Unsupervised learning covers techniques that
do not use a training set. For example, data compression algorithms could use an ANN, by
learning to transform an input x into a lower-dimensional representation such that little to

no information about z is lost.

We will focus on supervised learning in this paper. A well-known dataset used to bench-
mark learning algorithms is the MNIST dataset. It has a training set with 60,000 images
of handwritten digits, each 28 pixels in width and 28 pixels in height. It also has a test set
of 10,000 images, which are used to evaluate the overall performance of the ANN after the
parameters are adjusted, to see how well the network is able to classify images it has never
seen before. The dataset was compiled by Yann LeCun, Corinna Cortes, and Christopher
Burges, and it was used to train ANNs to recognize handwritten digits in the seminal paper
[25].

Now we present an overview of how supervised learning works, using the MNIST dataset
to optimize the parameters of an ANN. To begin, we fix the architecture of the network
and initialize the parameters. Since the images are 28x28 in size, the input will be a 784-
dimensional vector. The output will be a 10-dimensional vector such that the entries are
between 0 and 1 and add to 1. We can force this by taking the exponentiation of the output
vector component-wise and normalizing it (this is referred to as a softmax layer). The ith
entry of the vector can be thought of as the probability that the ANN thinks the input is
the digit ¢+ — 1. For example, if the input is an image of a 8, the expected output will be
(0,0,0,0,0,0,0,0,1,0)T.
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0 5 10 15 0 25

Figure 12: An example of a handwritten digit from the MNIST dataset. To input the image to an ANN,
the array of pixels is converted into a vector, where the entries are values between 0 and 1, based on the
intensity of the pixel.

We also define a real-valued loss function, which measures the overall error of the
network’s classifications of the training set, as a function of the parameters. The most
important feature of a loss function is that the lowest possible value is achieved exactly where
the ANN’s output matches the expected output. Mean squared error (MSE) is commonly
used. We denote the vector containing all the weight and bias parameters by 6, the input
by x = (z1, ..., x,), the expected output by ¥ = (¥, ..., Um), and the output of the ANN by
¥ = (y1,---,Ym). The MSE associated with the training example (x,7) is:

_ 1 2
0, z,y) = ) Z (vi — 7).
The MSE associated with a subset of the training set S = {(z',y1), ..., (2, ﬁ)} is the average
of the MSEs for each pair:
C(0, 2y
o) = 201y
k
This function satisfies the property that C(#) = 0 if and only if the ANN produces the

expected output on every training example.

To learn the parameters of the ANN, the gradient descent algorithm is typically em-
ployed to minimize the loss function on the training set. Gradient descent is a first-order
optimization algorithm. To use it, we estimate VC(6) by estimating the partial derivatives
of C(#) with respect to each weight and bias parameter. Then we simply update 6 to 6’ by

the rule:

\el()
IVC(@)]l2’

where the scalar 7 > 0 is referred to as the learning rate and ||-||2 is the Euclidean norm.

0=60-—n

By Taylor’s theorem, VC'(#) is in the direction of steepest ascent of the linearization of C' at
6. By adjusting the parameters by a small negative amount in the direction of the gradient,

we expect the error to decrease. The choice of n is important: if it is small, improvements
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will be small, but the linearization of C' becomes less trustworthy further away from 6. After
many iterations, we expect (and we may observe in practice) that the value of the loss
function will tend toward a local minimum, since every step aims to reduce the value of the

loss function.

The above approach is somewhat effective, but there are several problems with it that
have been addressed in machine learning research. The biggest issue is that when the network
has a large number of parameters, estimating the partial derivatives can be time-inefficient.
The naive way to estimate one partial derivative is to use a finite difference method, which
involves computing the difference between the error of the network and the error when the
parameter has been perturbed by a small amount. To estimate all the parameters would
require passing inputs through the network at least the same number of times as there are
parameters in the network. The back-propagation algorithm [37, 15| was conceived as
a way to compute V() more efficiently, using only one forward pass of the input and one

backward pass that determines how much contribution each parameter had in the error.

Another issue is that gradient descent tends toward a local minimum, where ideally we
want the global minimum. This is highly dependent on the how the network was initialized.
We can modify the gradient descent algorithm to improve this: by adding a momentum
term to the update [37] or using an adaptive learning rate [21]. These methods also tend to
have faster convergence compared to unmodified gradient descent. In practice, convergence
speed is also improved by estimating the cost of the entire training set by only using a
fraction of the set per update. The sample of the training data used for an update is called a
mini-batch. Many studies have shown that performing an update after every example (i.e.
using a mini-batch size of 1) is effective [9]. When this technique is used, gradient descent

is referred to as stochastic gradient descent.

Finally, there is the issue of overfitting. We are measuring the performance of the ANN
based on how well it can classify data in the training set. However, the real goal is to create
an ANN that can classify data well, even if it has never been seen before. Since ANNs have
a large number of parameters, they are prone to overfitting: that is, they have low error on
training data, but high error on data outside of the training set. A study showed that ANNs
with a large number of neurons trained using back-propagation yielded similar results to
ANNs with less neurons [10]. A common way of reducing overfitting is to use a validation
set and early-stopping [10]. At the beginning of training, a portion of the training data
is set aside as a validation set, which is never used to update the parameters. Periodically
during training, the ANNs performance is measured on the validation set. When the error

on validation set starts to increase, it indicates that overfitting is occurring and that the
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training should stop. Overfitting is also reduced by artificially augmenting the training data
with random distortions, and by a technique called Dropout, where inputs to individual

neurons are randomly zeroed out during the training process [22].

4.2 The Natural Gradient

In the previous section, we saw that the parameters of an ANN are optimized to minimize a
loss function C'(0) using the gradient descent algorithm. When updates are performed after
each training example, it is referred to as stochastic gradient descent. Let us only consider

computing the loss with respect to a single training input-output example (z,7).

Another way of thinking of an update in the gradient descent algorithm is that the
learning rate implicitly defines an optimization sub-problem in the region around the current

parameter 6g:
mein C(0)

S.t. ||¢9 — ‘90”2 =1
0 cR™.

Gradient descent solves a simplified version of this sub-problem, by using a first-order ap-

proximation of C'(f) around 6, (by Taylor’s theorem). This is the linearized sub-problem:

mgin [C(60) + VC(60)" (6 — )]
s.t. ||0 —6oll2 =1
0 e R™.

VC(6o)

It is clear that the solution to the linearized sub-problem is 6 = 6y — N0

However, it is not clear whether or not the constraint ||§ — || = 1 is the best search
space for optimizing the ANN overall. Let us denote the output vector of the ANN with
parameters 6 by 1y. As we have seen in previous sections, if 1y, is a probability distribution,
then there are more natural ways of measuring the distance between two distributions y, and
Yo than simply using the Euclidean distance of their parameters 6 and ¢'. Let us consider
the parameter space of the ANN as defining a global coordinate system on a Riemannian
manifold (M, g), where M = {yp | & € R"} and g is given by the Fisher information

matrix G(6) at each point. We can rewrite the linearized optimization sub-problem above

50



4. APPLICATIONS TO MACHINE LEARNING

to incorporate the Riemannian metric.
main [C(60) + VC(0)" (6 — 6p))

st [lyo — o, llg =
0 eR™.
To solve this sub-problem, we have the following theorem, which is generally credited to
Amari in machine learning literature:
Theorem 4.1 (Amari, [5]). The direction of steepest descent of C(6y) over a Riemannian

manifold (M, g) with global coordinates 0 = (01, ...,0,,) is —G(6p) "'V C(6p).

Proof. Let ©+ = 6 — 6y and let n = 1. The linearized sub-problem over the Riemannian

manifold can then be written as:

min [C(6) + VC(60) ]
st [yl =1

z e R™.

The squared norm is to simplify calculations. By the method of Lagrange multipliers, this

is equivalent to solving the system for ¢ =1,...,m:

0= 823‘ (C(60) + VC(b0)"z — A(z"G(0p)x — 1))
0= 8?00(00) + aamVC(GO)Tx — i.)\(xTG(Qo)x —1).

The first term vanishes. For the second term, we have:

() = o >Vl
= VC(b);-
For the third term, we get:
aa A" G(fp)r —1) = A 8. <Z G(@O)jkxjxk> .
; Or; \ 4

When neither 5 nor £ is equal to 7, the derivative under the sum is 0. When only j = 1,
the derivative is G/(0p)xzk, and k = i gives G(0)jx;. When j =k = i, we get 2G(6p)six;.
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Therefore, using the fact that G(6y) ;1 = G(0o)x;:

8
A o, (Z G(ao)jkxjxk> = 2X\G (b))

i,J
So the system given by the Lagrange multipliers is equivalent to:

If A = 0, then 6, is already a critical point, since 0 = VC'(6y). Otherwise, solving for = gives:

1
T = ﬁG(QO)_IVC’(QO)

Since G(0) is positive definite, G(f)~! is also positive definite. Therefore:
VC(fo) - G(6o)"'VC(6y) > 0,

so x is the solution that maximizes the objective function, making the direction of steepest
descent —G(6p) "'V C(6p). O

The vector G(6y) 'V (6y) is referred to in machine learning as the natural gradient.

The above theorem suggests that the update rule used in gradient descent:

VvC(0)
0 =0~ o
IVC(0)]l2
should be replaced with:
~1

IGO) VO,

This method was used by Amari in [6], for the study of blind separation of mixed signals,
but the theory of Riemannian metrics in statistical settings already existed well before this
(see [1] and [34]). Computing the inverse of the Fisher information matrix can be costly, but
there are many ways of approximating it [38]. In a statistical framework, this algorithm was

shown to be theoretically more efficient for estimating parameters than stochastic gradient
descent [5].

4.3 Batch Normalization

When ANNs have many layers, they are difficult to train. By changing the parameters on

neurons in the early layers, the possible inputs that are seen in later layers are also changed.
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This effect is sometimes referred to as internal covariate shift. This effect is especially a
problem when the neurons have activation functions that map R to a bounded interval (such
a function is called a saturating non-linearity), as in the case of the sigmoid function |19,
42]. A method known as batch normalization was conceived by loffe and Szegedy [19] to
reduce the effect of internal covariate shift. This stabilizes the learning process, allowing for

larger learning rates to be used.

We now give an overview of batch normalization. In order to stabilize the distributions
of inputs to a layer, the real-valued inputs to the activation functions can be individually
normalized over the training set. In a typical ANN, for a neuron in any given layer, we take
the dot product of the input vector x from the previous layer with the weight vector of the

neuron w and add a bias scalar b, before using it as input to an activation function f (see
Figure @

We will focus on a single neuron in the ANN. The exact value of w - x 4 b will depend on
the initial input to the ANN. To normalize this value, we would want to compute the mean
and standard deviation of this expression over the entire training set, but doing so is time-
consuming. Instead, we estimate the mean and standard deviation by using a mini-batch as
a sample. Also, note that the bias parameter can effectively be removed, since normalization

cancels the addition of the bias.

Suppose we have a mini-batch of size k. Let B = {z!, ..., 2"} be the set of input vectors
to a particular layer over the mini-batch. We also write a° = w - 2° to denote the input to
a specific neuron for the ¢th example in the batch. We compute the mean and standard

deviation of the a’ by:

1< .
NB:EZQZ
=1

k
1 ,
08 =4[ % E (a* — pg)?.

i=1
Then we can normalize the neuron inputs across the mini-batch by substituting each a’ with:

o — a' — ps
2
\Vogt+Ee€

where € is a small positive constant for numerical stability. This is used in practice, but for

theoretical results, we will ignore it.

However, as it is, this will reduce the layers’ ability to transform the input. In order
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to restore the representational power of the ANN, we add additional learnable parameters,
v € R and § € R, which can scale and shift the normalized neuron input a’. We define the

batch normalization transformation by the function BN : R — R where:

BN(a") = ’yc/z\i + 5.

To summarize, the output from a neuron in a typical ANN is:
but batch normalization replaces this with:

J(BN(w- ).

The two parameters, v and [, are added to every neuron to which we wish to apply
batch normalization. It should be noted that the effect of batch normalization, given a
particular input, depends on the other examples in the mini-batch. Therefore, once the
ANN parameters have been tuned and the training set is finished being used, the population
mean and standard deviation over the entire training set may be computed, in order for the

ANN’s output to be deterministic.

An important property of applying batch normalization to a neuron is that the weights

to that neuron become invariant to scaling by a positive constant.

Theorem 4.2. For a fized mini-batch, denote by B = {x',..., 2"} the input vectors to a
particular layer of an ANN. The function BN described above satisfies the property:

BN(w - ') = BN((aw) - "),

for all a > 0.
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Proof. As above, let:

Now we substitute w with aw for some a > 0. The formulas above then become:

(aw) - 2" = afw - 1)

= aa’

= Q0B
aa' —aps <a> al — ug
aopn N 0% OB
= a'.
Therefore, the normalized input to the neuron is unchanged. O

Information geometry can be applied to understand how much a gradient update will
change the output distribution of the ANN. In the case of batch normalization, it becomes

even more obvious that distances in the parameter space do not correspond with the mag-
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nitude of change in the output, since re-scaling the weights does not change the output at
all. We can use the Riemannian metric derived in Section If we compute the Fisher
information matrix G() with respect to the neuron model, then a change in the parameter
vector by 06 will result in a change in the output distribution by $0607G(6)d¢. For an ANN
with multiple neurons and layers, the impact of changing the parameters can be analyzed
by using a block-diagonal approximation of the Fisher information matrix, where each block
corresponds to the parameters of a single neuron. A detailed overview of this analysis can
be found in [7].

4.4 Momentum-based Optimization

A large drawback of gradient descent is that when optimizing for non-convex loss functions,
we can get stuck in a poor local minimum. Additionally, there are versions of gradient
descent that do not use a normalized gradient in the update rule. That is, for a parameter

vector € R" a learning rate n € R, and a loss function C' : R* — R, the update rule is:
0 =6—nVC(h)

so that optimization is sped up in areas where C' is steep (that is, VC is large). We expect
improvements to slow near local minima, as the algorithm tends toward a solution, but this
also results in slow optimization around other critical points, including saddle points and

local maxima, since the gradient is close to 0.

These problems are partly caused by the fact that the direction of the gradient update
can change instantaneously. To deal with these challenges, it is useful to incorporate some
form of momentum into the gradient update rule, to avoid the optimization from slowing
down when the recent changes were large. Intuitively, it is similar to how a ball gains speed

rolling down a hill and is able to climb back up over small bumps.

We now outline gradient descent with momentum, which achieves a faster, more stable
convergence than the update rule above [36]. It involves keeping track of a momentum vector
v € R™, and selecting a momentum coefficient @ € R before training begins. At each step,

the momentum vector is updated by:
v =av+nVC(0).
A typical value for « is 0.9. The vector of parameters is then updated by the rule:

0 =60—1.
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Recall that for « > 0, BN ((aw)-x) = BN (w-x). In this context, the problem of optimiz-
ing the weight parameters over R can be rephrased as a constrained optimization problem,
where the vector of weights is required to be normalized. However, many constrained opti-
mization problems in R™ can be thought of as unconstrained optimization problems over a

Riemannian manifold embedded in R™ [32].

Cho and Lee [12] showed that neurons with n weight parameters and batch normalization
can be identified with the set of orthonormal vectors in R" (the Stiefel manifold V(1,n)), or
alternatively, they can (almost) be identified with the set of 1-dimensional subspaces of R"
(the Grassmannian manifold G(1,n)). The issue with the second identification is that batch

normalization is not invariant under negative scalar multiplication:
BN((—ow) -x) = —BN(w - z).

However, this is generally not a problem, if the gradient updates never allow the weight

vector to change by more than an angle of 90°.

Therefore, optimizing the weights of a neuron with batch normalization can be phrased

as an unconstrained problem over G(1,n):

min C(p)
s.t. pe G(l,n),

where C': G(1,n) — R is the restriction of the original loss function C'(6) on R™. There are
a few changes that need to be made to gradient descent for it to work over a Riemannian
manifold embedded in R™. First, if the gradient of the loss function C(p) is computed with
respect to the coordinates 6 in R”, it needs to be projected onto the tangent space at the point
p. The gradient update rule also has to be changed, since we would be subtracting a vector
from a point on the manifold. Instead, we follow the geodesic given by the projected gradient
vector in the tangent space. Finally, if we were to use gradient descent with momentum, since
the momentum vector would lie in the tangent space at p, we can use parallel translation to

carry the momentum vector to the new point on G(1,n).

We will now summarize gradient descent with momentum on G(1,n), embedded in R™.
We denote by 6, the coordinates in R™ of a point p € G(1,n). We also use VC(6) to denote
the gradient of C' computed with respect the coordinates in R™. The gradient can be thought
of as lying in 7, R", so we denote the projection from T,R" to 7,G(1,n) by m. Given:

e pcG(l,n) the current point
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e veT1,G(1,n)  the current momentum vector
eaceR the momentum coefficient
enelR the learning rate

Then the update rule is as follows:

e h=n(VC()) project the gradient onto G(1,n)
e d=av—nh compute the direction of the update
o p' = exp,(d) use the exponential map to update the current point

o v =P,(d) use parallel translation to update the current momentum

In practice, the norm of A can be forced to stay below some threshold, since we do not
want to allow the exponential map to change the angle of the weight vector by more than
90°. Furthermore, the parameters of an ANN with m neurons can be interpreted as lying on
the manifold:

G(1,n1) x --- x G(1,n,,) x RL

The R! component accounts for additional parameters, such as the parameters introduced
by batch normalization. Cho and Lee [12] showed that stochastic gradient descent with mo-
mentum over this Riemannian manifold was able to outperform momentum-based methods

in Euclidean space on the standard ANN architectures at the time.

5 Conclusion

Despite the large amount of theory that has been developed in information geometry, second-
order methods, such as the natural gradient and Newton’s method, are not widely used in
machine learning. The machine learning community is moving toward using larger, deeper
networks, and using rapid optimization methods. There is evidence to show that the num-
ber of gradient updates required to train networks using second-order methods is less than
stochastic gradient descent [17]. However, the gains made by these techniques are out-
weighed by their computational cost [33]. There exists promising work, showing that the
Fisher information matrix can be approximated using a low-rank, block-diagonal matrix
[35], but in order for Fisher information and the natural gradient to be feasible in machine

learning, further work must be done towards approximating these efficiently.
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